
1 Background
T his chapterreviewsoneofthemostwidespreadusesofwavelets instatistics:
nonlinearnonparametricregression. Simpleinsightintotheutilityandpower
ofthewaveletapproachcomes from adiscretespectralanalysis pointofview.
Someoftheideasherearethesameas someintroducedinChapter1, butthe
di¤erentviewpointis intendedtogiveadditionalinsights.

1.1 SpectralA nalysis
Spectralmethodsforcurveestimationarebasedon“spectraldecompositions”
ofvectors in<n. T heseinvolvea“transformation”, i.e. achangetoadi¤erent
basis of<n. Suchtransformations canprovideverypowerfulandusefulnew
waystoworkwithgivensetsofvectors. Forexample, vectorsthatareasum
ofafewsinusoids, aree¤ectivelysummarized(andthusstudiedinmanyways)
by changingtotheFourierorthonormalbasis. W avelets are simplyviewed
as anothersuch orthonormalbasis, whosegoodproperties are shown in this
chapter.

T hemathematics ofdiscretespectralanalysis starts withfÃ 1 ;:::;Ãng, an
arbitraryorthonormalbasisof<n, i.e.

Ã t
iÃ i0=

½
0 ifi6= i0
1 ifi= i0; (1)

T hespectralrepresentationofavector¹ 2<n isde…nedas

¹i=
nX

i0=1

µi0Ã i0;i; i=1 ;:::;n; (2)

whereÃ i0;i is thei-thentryofÃ i0, andwherethecoe¢cients µi0aregivenby
theinnerproducts

µi0=¹tÃ i0; (3)

which give the lengths ofthe projection of¹ in the direction ofÃ i0. T he
coe¢cients canbecollected intoavectorµ = (µ1 ;:::;µn)

t which is calledthe
“transform” of¹. U sefulintuitioncomes from thinkingofµ as a“rotation in
<n” (onlyanapproximation, sinceothertransformationssuchasmirrorimages
arealsoorthonormal).

T heparticularrotationofthistypecalledthe“discreteFourierTransform”
has beenaworkhorsetool, especiallyin…eldswherethestudyofperiodicities
andfrequenciesareimportant, perhapsmostnoticeablyinelectricalengineering.
T his isbecausetheFourierrotationofvectorsisparticularlyadeptatrevealing
theirfrequencystructure. Instatistics, thebestknownuseofthisrotationof
datavectors is theFourieranalysis oftimeseries. SeeB loom…eld(19 7 6) fora
veryreadableaccount.

A potentiallyconfusingaspectofspectralanalysis is thatitcanoftenbe
viewedboth“discretely”, intermsofordinaryvectorsin<n, and“continuously”
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wherethe“vectors” arefunctions inasuitableH ilbertspace. T hetwoaretyp-
icallyrelatedtoeachotherbecausesummation(theoperationunderlyingthe
discreteinnerproduct) is relatedtointegration(theoperationunderlyingthe
continuous innerproduct) through R iemann integration. H owever, orthonor-
malityand the properties followingfrom itare exactin both contexts. For
example, intheFourierbasis, thefamiliarsinandcoswavesareorthogonalas
functions(withrespecttotheintegralinnerproduct), butalsoasvectorswhen
evaluatedatappropriateequallyspacedgrids(withrespecttosummation). T he
distinctionsbetweentheseparalleltheories isoftenblurred, becauseoftheap-
proximation. O nlythediscretetheoryisstudiedinthischapter, withoccasional
referencemadetothecontinuoustheorywhereitadds insight.

1.2 N onlinearnonparametricregression
A n importantstatisticalapplication ofspectralanalysis is tononparametric
regression. H ereonemodelsadatavectoras

Y =¹ + ";

where¹ is some“smooth” underlyingmean (i.e. “signal”) vector, and"is a
random “noise” vector(assumedtohavemean 0 , whichresults inE (Y )=¹).

O rthogonaltransformationallowsrecastingtheproblem ofusingY toesti-
mate¹ , intothatofusingthetransform ofY toestimatethetransform of¹,
whichcanoftenbemuchsimpler. L eteµ=

³
eµ1 ;:::;eµn

t́
denotethetransforma-

tionofthedata, wherethe“empiricalcoe¢cients” are

eµi0=Y tÃ i0; (4)

whichareunbiased estimates ofthe µi0, thetransform coe¢cients of¹ from
(2). A furtherimportantpropertyoftherotation aspectofan orthonormal
transformationis thatwhentheerrorsareindependentandhomoscedasticthe
“spherical” covariancestructureofeµ isthesameasthatofY .

Foragoodchoiceofbasis, mostofthe“powerof¹” (ausefulconceptfrom
signalprocessing), whichisconvenientlyquanti…edasasum ofsquares,

P ¹ =
nX

i=1

¹i
2 =

nX

i=1

µi2

(wherethelastequalityfollowsbytheParsevalidentity), willbe“containedin
afew” oftheµi. Inthiscase, areasonablereconstructionofthe“signal” ¹ can
beobtained from thedataY by invertingthetransform, butusingonlythe
“important” coe¢cients:

b¹i=
X

i02S

eµi0Ã i0;i; i=1 ;:::;n; (5)

(sometimes grouped intothe vectorb¹ = (b¹1 ;:::;b¹n)t) where S is some set
of“highpowercoe¢cients”. IfthesetS is small, butatthesametimethe
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restrictedpower
P

i02S µ
2
i0 is alargefractionofP ¹ , theestimatorwillbevery

e¤ective, sincemostofthepower(i.e. componentofthesum ofsquares) ofthe
noisewillbecontained interms thatdonotappearin b¹ , whichwillthus be
eliminated.

FIG U R E1. L eftpanel: n= 1024simulateddatapoints, usingG aussianwhite
noise. R ightPanel: Fourierbasisnonparametricregressionestimate, using

hardthresholding.

T hisprincipleisdemonstratedinFigure1. T heleftpanelshowsasimulated
datavectorY , whichwas generatedbyaddinghomoscedasticG aussiannoise
toasmoothunderlyingmeanvector¹. T herightpanelshowsasignalrecovery
(i.e. anonparametricregressionestimate), b¹, usingtheFourierbasis, wherethe
setS ofcoe¢cientswaschosenusingthe“U niversalH ardT hresholding”method
discussedinSection3ofChapter1. W hilethedatavectorY onlysuggestsa
singleperiodiccomponent, notethatb¹ suggeststheunderlyingmeancurvehas
twoperiodiccomponents, whichisinfacttheactualstructureofthisunderlying
¹. T his illustrates thepotentialpoweroftheideaofrotatingthedatavector
inacarefullychosendirection, andthenusingjustafewcoe¢cientstodampen
noiseinsignalrecovery, i.e. nonparametricregression.

T hisnoisedampinge¤ecthasasimple, usefulquanti…cationwhentheerrors
areuncorrelatedandhomoscedastic. Inthatcasetheaveragevarianceis:

n¡1
nX

i=1

var(b¹i)=
¾2

n
# (S); (6)

whichissmallerwhenS hasfewermembers. O ntheotherhandsmallerS means
moreaveragesquaredbias:

n¡1
nX

i=1

(E b¹i¡¹i)
2 =n¡1

X

i0=2S
µi02 =n¡1

Ã
P ¹ ¡

X

i02S
µi02

!
: (7 )

T hisshowsthatthesizeofS worksasa“smoothingparameter” intermsofcon-
trollingtheusualtradeo¤ betweenvariance(whichquantitates “wiggliness”)
andsquaredbias (whichquantitates“goodnessof…t”). A lso, thespectraltype
estimatorb¹ willbemoste¤ectivewhenthereis asmallsetS whichcontains
mostofthepowerofthesignal, andwhenthatsetcanbeapproximatelyiden-
ti…ed. I.e. thepotentialgoodperformanceofb¹ is linkedtoconceptsof“signal
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compression”. A n exampleofthis is when theFourierTransform is applied
withasmoothandperiodicunderlyingsignal¹, andS isasetoflowfrequency
terms, asshowninFigure1. H owever, whentheunderlyingregressionfunction
¹ andthebasisaresuchthat“powerofthesignalisspreadacrossthespectrum”
(e.g. theFouriertransformofarough, aperiodicsignal), meaningmostofP ¹ is
sharedbymanyoftheµi, therewillnotbeagoodchoiceofS , andthistypeof
estimatorwillnotperformwell. Figure2 showsanextremeexampleofthis.

FIG U R E2. L eftpanel: n= 1024simulateddatapoints, usingG aussianwhite
noise. R ightPanel: Fourierbasisnonparametricregressionestimate, using

hardthresholding.

T hedatainthelefttpanelofFigure2 areagainsimulatedwithindependent
G aussiannoise. Itis visuallyclearthattheunderlyingsignal¹ hastwolarge
jumps. T heFourierbasis does apoorjob ofcompressingsuch asignal(i.e.
thepowerofthesignalis spreadallacrossthespectrum), whichhas aserious
negativeimpactonthenonparametricregressionestimateb¹, shownintheright
panel. N otethatatmanylocationsthewigglinessofb¹ isvisuallyalmostaslarge
as therangeofthedata. T his is especiallytruenearthejump points, where
“ringing” e¤ects, i.e. G ibb’s phenomena, arequite noticeable. Furthermore
becausetheFourierbasis is smooth, thecrisp jumpsbecomesmoothed. O ther
choicesofthesetS , resultineitherincreasedringing, orelseincreasedrounding
ofthejumps. ThechoiceofS usedhereis (as inFigure1) theU niversalH ard
T hresholdingmethoddiscussedinSection3ofChapter1.

O nemaywonderwhytheestimatorb¹ iscalled“nonlinear”, sincetherepre-
sentations (5) and(4) suggestthatitisalinearfunctionofthedatavectorY .
T hedistinctionis inthechoiceofthesetS . W henS is chosen independently
ofthedata, e.g. whenusingtheFourierbasiswithjustasetoflowfrequency
terms, thenb¹ isalinearestimator. H owever, whenS ischosenassomefunction
ofthedataY , e.g. accordingtovarioustypesofthresholdingrulesasinSection
3ofChapter1, thenb¹ is (perhapsmildly) nonlinear.

2 TheW aveletBases
T heexcitementthathas surroundedthedevelopmentofwaveletbases comes
from theirsurprisinglygoodsignalcompressionofawidenewrangeofsignal
types.
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2.1 W aveletFundamentals
T heFourierbasisise¤ectivewhensignalsare“spatiallyhomogeneous”, meaning
theamountofsmoothness is roughlythesameindi¤erentlocations. A setof
baseswhichcanbee¤ectivewhenthesmoothness is nothomogenous arethe
waveletbases. Somewaveletbases aregood atcompressingsmooth signals,
aswellasthosethatare“somewhatunsmoothinsomelocations”, suchasthe
stepfunctionunderlyingFigure2. T his isaccomplishedbyhavingbasisvectors
whicharesmooth, butallow“localizationintime”, aswellas infrequency.

A swithFouriertheory, waveletshavecloselyparalleldiscreteandcontinuous
theories, whichareconnectedbyR iemannsummation. A gain, thediscretecase
istreatedhere, althoughsometimes itisusefultothinkintermsofcontinuous
functionsevaluatedatx1 ;:::;xn, equallyspacedontheunitinterval, e. g. xi=
i=n. T hepresentationissimplestwhennisapowerof2, sothatwillbeassumed
throughoutthis section.

A good startingpointforunderstandingthe specialstructure ofwavelet
bases is the H aarbasis. Someofthesebasis functions areshown inFigure4
ofChapter1. A wayoforganizingtheseis shownhereinFigure3. T his basis
providescoe¢cientsµi, convenientlyreindexedasµj;k, whichgivebotha“scale”
(thisiswaveletterminologythatshouldbeviewedasasynonymfor“frequency”
bythosefamiliarwithFourieranalysis)anda“location” decompositionof¹. A
convenientindexforscaleis j=0 ;:::;log2(n=2). A tscalej, basisvectorsessen-
tiallyconsistofdisjointstepfunctions(thinkingcontinuouslyforthemoment),
indexedbyk=0 ;:::;2j¡1 , whoseintervalsofsupportarethedyadicintervals
(k2¡j;(k+ 1 )2¡j]. O rthogonalitywithcoarserscalebasis vectors comes from
makingthestepfunctionassumepositiveandnegativevaluesthatareequalin
magnitude, onthetwohalvesofthesupport. M oreprecisely(andnowthinking
discretely), usingthevectornotation

1 (n)=(1 ;:::;1 )t; 0 (n)=(0 ;:::;0 )t and 0 (0 )=fg;

de…ne

Ã j;k=
µ
2j

n

¶1 =2

0
BBB@

0
¡kn
2j

¢

1
¡ n
2j+ 1

¢

¡1
¡ n
2j+ 1

¢

0
³
n¡(k+ 1 )n

2j

´

1
CCCA ; (8)

forj = 0 ;:::;log2(n)¡1 andk= 0 ;:::;2j¡1 . T hefactorof
³
2j
n

1́ =2
makes

thelengths one. Basis vectors with thesamescale j areorthogonalbecause
thenonzeroentriesaredisjoint. O rthogonalityacrossfrequenciesfollowseither
from this disjointness, orfrom innerproducts resultinginasubvectorofthe

form
µ

1
¡1

¶
beingmultiplied byaconstantvector. T hesen¡1 vectors,

togetherwith ' 0 ;0 = n¡1=21 (n)form an orthonormalbasis of<n, which is
visuallyrepresentedinFigure3.
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ψ 0,0 φ0,0

ψ 1,0 ψ 1,1

ψ 2,0 ψ 2,1 ψ 2,2 ψ 2,3

ψ 3,0 ψ 3,1 ψ 3,2 ψ 3,3 ψ 3,4

FIG U R E3: T heH aarbasis, with“fathervector” ' 0 ;0 and“mothervectors”
Ã j;k. T herowforscalej=3 istotheright. T hepatterncontinuesbelowthe

bottom forscales j=4;5;:::

T heFastFourierTransform was consideredtobeamajorcomputational
breakthrough, sinceitallowscalculationofthenFouriercoe¢cientswithonly
O (nlogn)computations, insteadofthe O (n2)operations needed fortheob-
vious naivecomputationusing(4). T hekey is averycleverreorganizationof
thecomputation, whichmakesheavyuseofspecialpropertiesoftrigonometric
functions. T heH aarcoe¢cients µj;kcanalsobecalculatedverye¢cientlyby
cleverreorganization, whichturnsouttobebothsimplerandevenfasterthan
theFFT .

Insightintothefastalgorithm comes from therelationship (Section 2.2 of
Chapter1 gives anotherwayoflookingatthis) between the “motherbasis
vectors” Ã j;kfrom (8), andthe“fatherbasisvectors”

'j;k=
µ
2j

n

¶1 =2
0
B@

0
¡kn
2j

¢

1
¡n
2j
¢

0
³
n¡(k+ 1 )n

2j

´

1
CA ;

forj=0 ;:::;log2(n)andk=0 ;:::;2j¡1 . N otethatforanyj0 , 'j0 ;0 ;:::;'j0 ;2j0 ¡1
and' 0 ;0 ;Ã 0 ;0 ;Ã 1 ;0 ;:::;Ã j0¡1 ;2j0¡1 spanthesamesubspace(essentiallystepfunc-
tionsoverintervalsoflength 1

2j0 ) of<n. InSection2.2 ofChapter1, this sub-
space is denoted as Vj0 . H encethe “tip ofthepyramid” shown in Figure3
(downtoanygivenrow) canbereplacedbyarowoffatherbasis vectors, to
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yieldanotherorthogonalbasis. T hewaveletsalsohavea“magni…cationprop-
erty” inthat(modulolocation) higherfrequencybasisvectors'j;k+ 1 (Ã j;k+ 1 )
aresimplehorizontalrescalingsof'j;k(Ã j;krespectively), byafactorof2. T his
iswhytheindexj is saidtoindex“scale”, eventhough“frequency” is alsoa
usefulinterpretation.

T hecrucialrelationship betweentheseis thatthemotherandfatherbasis
vectors ateachfrequencyareasimplelinearfunctionoffathervectors atthe
nexthigherfrequency:

Ã j;k= 1p
2

¡
'j+ 1 ;2k¡'j+ 1 ;2k+ 1

¢

'j;k= 1p
2

¡
'j+ 1 ;2k+ 'j+ 1 ;2k+ 1

¢
: (9 )

Sincemostofthewaveletcoe¢cientsareoftheinnerproductformµj;k=¹tÃ j;k,
theycanbequicklyobtainedthroughananalogous recursion. Forthis de…ne
thefathercoe¢cientsfj;k= ¹t'j;k. A pplyinginnerproducts tobothsides of
bothequations in(9 ) givesthesamerelationbetweencoe¢cients

µj;k= 1p
2
(fj+ 1 ;2k¡fj+ 1 ;2k+ 1)

fj;k= 1p
2
(fj+ 1 ;2k+ fj+ 1 ;2k+ 1):

(10)

U singtheseequationsiterativelyoverscales, startingfromthevaluesflog2(n);k=
¹k, fork= 1 ;:::;nresults inafastandsimplealgorithm. A s theFFT pro-
videsabigimprovementoverthenaiveimplementation, thisapproachtoH aar
waveletdecompositionalsoreducestheO (n2)matrixmultiplicationillustrated
inSection2.1 ofChapter1, toanO (n)calculation, thatisbothslightlyfaster
andalsosimplerthantheFFT .

A nimportantfeatureofthislineartransformationisthatitpreservespower
ateachstep inthesensethat

³
µ2j;k+ f2j;k

´
=

³
f2j+ 1 ;2k+ f2j+ 1 ;2k+ 1

´
. A llocation

ofsignalpoweris thekeytounderstandingtheusefulness ofwavelettrans-
forms ingeneral. Inthis H aarcase, thetransformationhandles thepowerof
“constantvectors” byputtingitentirelyintothefathercoe¢cientatthenext
lowerfrequency(this isan“averagingoperation”), witha0 contributiontothe
waveletcoe¢cientµj;k (this is a“di¤erencingoperation”). H encethemother
basisprovidesverye¤ectivecompressionofstepfunctions(sincetherearemany
zerocoe¢cients), andusuallywillbee¤ectiveforestimatingthem.

T heH aarbasis isoftennotgoodatcompressingsignalsthataresmooth, as
shownintheleftpanelofFigure4, whichusesthedatafromFigure1. T heresult
doesnotlookmuchlikethesumoftwosinusoids, althoughtheessentialstructure
isrecovered. SincetheH aarbasis isasetofstepfunctions, signalcompression
is muchbetterforthestep functiondatafrom Figure2, as shown intheleft
panelofFigure4. H erethesignalrecovery is excellent(again the U niversal
H ard T hresholdmethodwas used tochoosethesetS ofcoe¢cients). N ote
thatthebehaviorofthenonparametricregressionestimateisratherdi¤erentat
thetwojumps. T hejumpontherightisatthedyadicpointx= 3

4 , andtheiris
averycleanjump (becausethisfeatureiswelldescribedbyasingleH aarbasis
element). T hejump ontheleftis attheverynon-dyadicpointx= 1

3 , which
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involves anon-zeroH aarcoe¢cientateachscale. T heerrorentailedbythe
estimationofallofthesegivestheslightlyroughere¤ectnearthis jump.

FIG U R E4. H aarbasisnonparametricregressionestimates, usinghard
thresholding, forthedatain, L eftpanel: theleftpanelofFigure1, R ight

Panel: theleftpanelofFigure2.

W aveletbaseswith“smoother” basisfunctionsaremuchmoreusefulforre-
coveringsmoothsignals. T hesehaveastructureverysimilartotheH aarbasis,
inparticularsharingthesameindexingsystem, the“mother- father” relation-
ships, themagni…cation propertyand analogous fastiterativealgorithms for
computation(withthesame“pyramidstructure”). D evelopmentofsuchbases
has beenfairlyrecent, perhaps because(inthecontinuous domain) orthonor-
malbases ofcompactly supportedfunctions exist, butunfortunatelyhaveno
closedform, andindeedseem tobesmoothedversionsoffractals, seeFigure1
ofChapter1.

G eneralizationofthefastalgorithm forthe H aarbasis tosmootherbasis
functionsfollowsfromwritingtherelationshipsbetweencoe¢cientsofdi¤erent
scales intermsofoperators:

µj=(# 2o)(hi¤F ;F fj+ 1)
fj =(# 2e)(lo¤F ;B fj+ 1) ;

wherethecoe¢cientsofscalej havebeencombinedintovectorsas:

µj=

0
B@

µj;0
...

µj;2j¡1

1
CA ; fj=

0
B@

fj;0
...

fj;2j¡1

1
CA ;

where(# 2e)and(# 2o)denotestheevenandodd“decimationoperatoroforder
2”, whichtake“everyotherentry”, i. e. form=1;2;:::

(# 2e)

0
BBBBBBB@

x0
x1
x2
...

x2m¡2
x2m¡1

1
CCCCCCCA
=

0
B@

x0
...

x2m¡2

1
CA ;(# 2o)

0
BBBBBBB@

x0
x1
x2
...

x2m¡2
x2m¡1

1
CCCCCCCA
=

0
B@

x1
...

x2m¡1

1
CA ;
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where¤F ;B denotesa“backpadded” circular…lteroperation

0
B@

a0
...

à¡1

1
CA ¤F ;B

0
B@

b0
...

bm¡1

1
CA =

0
BBBB@

P `¡1
i=0 aibiP `¡1

i=0 aib1 + i
...

a0 bn+
P `¡1

i=1 aib¡1 + i

1
CCCCA
;

and¤F ;F denotesa“frontpadded” circular…lteroperation

0
B@

a0
...

à¡1

1
CA ¤F ;F

0
B@

b0
...

bm¡1

1
CA =

0
BBBB@

P `¡2
i=0 aibm¡̀ + 1 + i + à¡1b0P ¡̀3

i=0 aibm¡̀ +2+ i + à¡2b0 + à¡1b1
...P `¡1

i=0 aibm¡̀ + i

1
CCCCA
;

andwherethe“lopass …ltervector”, whichaverages coe¢cients, thus passing
thepowerofconstants(i.e. thelowfrequencycomponentofthesumofsquares)
intothefj;k, is

lo=
1p
2

µ
1
1

¶

andthe“hi pass …ltervector”, whichdi¤erences coe¢cients, thus passingthe
poweroftheresiduals aboutthemean(i.e. thehighfrequencycomponentof
thesum ofsquares) intotheµj;k, is

hi=
1p
2

µ
¡1
1

¶
:

T hereareotherwaystoformulatetheseoperations, butthis particularform is
chosentomakethecoe¢cientscorrespondwelltothelocationsuggestedbythe
indices.

Smootherwaveletbases areobtainedbycleverchoices ofthe…ltervectors
loandhi. T hekeytomoresmoothness is modi…cationofthelowpass …lter
topasspolynomialsofacertaindegree(theH aar…ltersarethedegree0 case).
T his entails …ltervectors oflengthmorethan two, which entails morecom-
plicatedorthogonalityconditions. T heshortest…ltervectorswhichmeetthese
requirementsgivethe“D aubechies” family, seeTable6.1 ofD aubechies(19 9 2) ,
fornumericalvaluesofthecoe¢cientsoflo=(h0 ;:::;h̀¡1)t (wherethesymbol
h is usedforconsistencywith D aubechies (19 9 2)). T hesebasis functions are
illustratedinFigure1 ofChapter1. L onger…ltervectorsallowbasesthatcan
satisfyadditionalrequirements. Forexample, slightlylonger…ltervectorsallow
onedegreeoffreedom thatcanbeusedtomaketheresultingbasis functions
“as symmetricas possible”. T his results inthefamilyof…ltervectors whose
coe¢cients are in Table6.3 ofD aubechies (19 9 2) , butthetablevalues must
bedividedby

p
2 togiveanorthonormalbasis. T he“Symmlet8” (N = 8 in
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D aubechies’notation) basis is shown inFigure5, and its usefulness fornon-
parametricregressionisdemonstratedinFigure6.

O nlythelowpass coe¢cients aregiven inD aubechies’tables, becausethe
highpasscoe¢cients, hi=(g0 ;:::;g̀¡1)

taresimplyrelatedas:

gi=(¡1 )̀¡1 h̀¡1¡i; i=0 ;:::;̀ ¡1

Insightintothe inversionofthewavelettransform comes from realizingthat
itis justamatrixmultiplication, byanorthonormalmatrix (aH aarversion
ofthis matrix is shown in Section 2.1 ofChapter1). H ence the inverse is
multiplication bythetransposematrix. Plots ofbasis functions areeasy to
constructbycalculatingtheinversetransformofunitvectors(i. e. vectorswith
asingle1 , andallotherentries 0 , whicharethetransformsofthebasisvectors).

φ2,0 φ2,1 φ2,2 φ2,3

ψ 2,0 ψ 2,1 ψ 2,2 ψ 2,3

ψ 3,0 ψ 3,1 ψ 3,2 ψ 3,3 ψ 3,4

FIG U R E5: Symmlet8 waveletbasis, with“fathervectors” '2;0 ,...,'2;3 and
“mothervectors” Ãj;k, j¸2. A s fortheH aarbasis, therowforscalej=3 is
incomplete, withpanelsfork=5;6;7truncatedontherightside. T hepattern

continuesbelowthebottom forscales j=4;5;:::

A norganizationoftheSymmlet8 basis is given inFigure5. Thelayout
is thesameas Figure3, exceptnowinsteadofasingletop levelfatherbasis
element' 0 ;0 thepyramidalgorithm was stoppedatlevelj = 2, resultingin
thefourfatherbasis elements '2;0 ;:::;'2;3. Figure5 suggestswherethename
“wavelet” camefrom. N otethatthesebasis elements givetheimpressionof
being”smallpiecesofwaves”. Buttheyhavespecialproperties, suchasorthog-
onalityand smoothness, thatcannotbearrivedatbysimplytryingto“slice
up” thesinusoidsthatmakeuptheFourierbasis.
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A naccessibleintroduction, fromadi¤erentviewpoint, tomorebasicwavelet
ideascanbefoundinStrang(19 8 9 ). A goodsourcefordeeperreading, including
historicalreferences, is B enedettoandFrazier(19 9 4) . T hisbookgivesagood
overviewofcontinuouswaveletfolkloreinSection1, andareadablepresentation
ofbroaderanddeeperaspectsofdiscretewavelets inSection2. T hefollowing
chaptersconsidermanyimportantvariationsofwaveletideas.

2.2 W hyW avelets?
A commonquestion is “whyshouldoneusethewavelettransform, whenthe
Fouriertransform has been such ausefulworkhorse?” T heansweris that
waveletbases allowsurprisinglygoodsignalcompressionofaverywiderange
ofsignals. T his pointis illustrated inFigure6, wheretheSymmlet8 basis,
shown inFigure5, is used todenoisethesametwodatasets as used in the
above…gures.

FIG U R E6. Symmlet8 basisnonparametricregressionestimates, usinghard
thresholding, forthedatain, L eftpanel: theleftpanelofFigure1, R ight

Panel: theleftpanelofFigure2.

N otethatusingthis basis, thesignalrecoveryis excellentforbothofthese
datasets. Incontrast, theFourierbasisgaveexcellentrecoveryofthesmooth
sinusoidaltarget, butverypoorperformanceforthesteptarget, whiletheH aar
basis gaveexcellentrecoveryofthe step target, butpoorrecoveryofthe si-
nusoidaltarget. T hekeytounderstandingthis is “signalcompression”. T he
Fourierbasisrepresentsthesinusoidwithveryfewcoe¢cients, butneedsmany
forthe step. T he H aarrepresents the step with fewcoe¢cients, butneeds
manyforthesinusoid. T hepowerandeleganceofsmoothwaveletbases, such
astheSymmlet8 comesfrombeingabletorepresentbothtypesofsignalsinan
e¢cientmanner. T his isthereasonfortheexcitementthathassurroundedthe
developmentofwaveletbases.

Itis naturaltoexpectthattheseimpressivepropertiesofwaveletscomeat
someprice. Perhapsthemostseriousdownsidetowaveletsisthatbecausethey
are‡exibleinboththetimeandfrequencydirections, theyarerathersparsein
eachdirection. Forexample, notethatthenumberof“frequencies” represented
is onlylog2nforthewaveletbases, whileitisn=2 fortheFourierbasis. T he
basis is alsosparseinthetimedirection, as seenbynotingthatthepeaks in
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theÃ 2;krowofFigure5 appearinonlyfourratherspeciallocations. A signal
withpeaksthathaveasimilarshape, butdi¤erentlocationmaynotbesowell
compressedbythis basis.

T herearemethodsforaddressingthese, andotherdi¢culties, althoughthey
allcomeatsomecost. M anyofthesetechniques, suchas“waveletframes”, are
discussedinB ennedettoandFrazier(19 9 4). A napproachtothelocationspar-
sityproblem isthe“nondecimated” wavelettransform (alsocalled“stationary”
and“shifted”)discussedinN ason, SapatinasandSawczenko(19 9 7 ) , whichcan
beviewedas thesetofallshifts ofthewaveletbasis, and is easilycomputed
by eliminatingthedecimation operators (# 2e)and (# 2o)from thewavelet
algorithm discussedabove.

T healreadylargeliteratureonwaveletnonparametricregressionisnotsur-
veyedhere, butaveryfewsuggestednextreferencesareD onohoandJohnstone
(19 9 5) andD onoho, Johnstone, KerkyacharianandP icard(19 9 5). SeeM arron,
A dak, Johnstone, N eumann and Patil(19 9 8) foran “exactrisk” analysis of
waveletbases, whichprovidesadi¤erentviewpointonsomeoftheseideas.

A cknowledgement1 T heorganizationofthewaveletideasusedheremostly
camefrom aninformalpresentationbyD avidD onohoattheO berwolfachmeet-
ing“Curves, Images andM assiveComputation” in 19 9 3. SidneyResnickand
PeterM uellermadeanumberofhelpfulcomments.
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