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Kernel Density Estimator
Let 
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 be a stationary r.v.’s with a marginal density f. The kernel density estimator of f is
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Rosenblatt (1956)
Asymptotic Normality for i.i.d. Sequence

Assume
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· Bandwidths 
[image: image8.wmf]}

{

n

b

 satisfy the natural conditions

· f is bounded and continuous at 
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        (1)

Parzen (1962)

Question: 

What is the limiting behavior of (1) when observations are dependent?
Results Under Mixing Conditions

Strong Mixing Condition

Let 
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 is said to be strongly mixing, Rosenblatt (1956).

Robinson(1983), Castellana and Leadbetter (1986)

Under various mixing conditions, regularity on the kernel K and restrictive conditions on bandwidths, (1) holds (e.g. 
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Key Idea

Let 
[image: image19.wmf]m

h

h

h

,...

,

2

1

 be random variables w.r.t. 
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Weakness of Strong-Mixing Conditions
· Too abstract to check.

· Generally belonging to short-range dependence.

· Typically translated to very stringent conditions on innovations (
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) and moving average coefficients (
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) in the case of linear processes.

· Many linear processes not satisfy strong-mixing conditions

Let 
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Short-range Dependence (SRD)             
[image: image25.wmf]å

¥

=

¥

<

0

|

)

(

|

k

k

r


Long-range Dependence (LRD)              
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Beran(1994)

Conjecture: 

(1) holds for SRD sequences.

  Answer:

       Yes. It is true for linear processes under natural conditions on 
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Wu and Mielniczuk (2001)  

Infinite Order Moving-average Processes
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where 
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are i.i.d. r.v.’s with zero mean and finite variance, and 
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Many important time series, such as ARMA and fractional ARIMA, admit this form.

Wu and Mielniczuk (2001)

· (1) holds under natural condition on 
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. The latter condition roughly corresponds to SRD case.

· Dichotomous and trichotomous behavior under different conditions depending on strength of the dependence and decay rate of the bandwidths in LRD case.

Bernstein’s Small-block-large-block Method
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We can prove 
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Martingale Decomposition Method

Honda(2000)  
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    (Martingale CLT)
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Asymptotic expansion for empirical process of linear sequences
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  (Ho and Hsing, 1996, 1997)

Wu and Mielniczuk’ s Paper  (2000)

Let 
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· In SRD case, we show 
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· In LRD case, we investigate local character of 
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Then we have
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Key Idea

Martingale difference sequence 
[image: image74.wmf]n

M

 dominates 
[image: image75.wmf]n

N

. Martingale CLT yields the result.

LRD Case


[image: image76.wmf]å

-

=

-

+

-

=

-

1

0

)

(

0

)

(

0

0

0

)

(

)!

(

)

(

!

)

(

)

0

(

)

(

r

j

r

n

r

n

j

n

j

n

n

n

H

r

v

b

j

v

b

H

v

b

H

x

   (Taylor’s expansion)
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Under some conditions, we have
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