
PCA dual problem (cont.) 
 
 

Solution:    Assume  
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PCA dual problem (cont.) 
 
 
And “fill out the rest of B” with “columns in null space”, 
 
 
 
I.e. let )( nddG −×   be nd −   orthonormal column vectors, 
 
that are orthogonal to  X~    (compute by Gram-Schmidt process) 
 
 
 
Thus “pad B

�

 out to a basis matrix”, by defining: 
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PCA dual problem (cont.) 
 
 
Check orthonormality: 
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but 
 

( )( ) ( )( ) ( )( ) ( )( )2/1***2/1*2/1**2/1** ~~~~ −−−−
== DBXXBDDBXDBXBB ttt

t II

 
( ) ( ) ( ) ( )( ) ( )( )2/1****2/1*2/1***2/1* ~~ −−−−

Σ== DBBDDBXXBDBB tttt II

 
( ) ( )( ) ( ) ( ) IDDDDBBDBB tt ==Σ=

−−−− 2/1**2/1*2/1****2/1*II

 
 
 
so  B  is orthonormal. 
 



PCA dual problem (cont.) 
 
 
Check diagonalization: 
 

( ) ( ) 








ΣΣ
ΣΣ

=ΣΣ







=Σ








=Σ

GGBG
GBBB

GB
G
B

GB
G
B

BB tt

tt

t

t

t

t
t

ˆˆ
ˆˆ

ˆˆˆˆ
�

���

�

�

�

�

 

 
but 
 

( ) ( ) =Σ=Σ
−− 2/1***2/1* ~ˆ~ˆ DBXXBDBB ttt ��

 
( ) ( ) ==

−− 2/1***2/1* ~~~~ DBXXXXBD ttt  
( ) ( ) ( ) ( ) ( ) =ΣΣ=ΣΣ=

−−−− 2/1*******2/1*2/1*****2/1* DBBBBDDBBD ttt  
( ) ( )( )( ) ( ) ( ) *2/1***2/1*2/1*******2/1* DDDDDDBBBBD tt

==ΣΣ=
−−−−  
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