ORIE 779:    Functional Data Analysis
From last meeting

Finished Robust FDA:      Elliptical Mean & PCA

· Cornea Data

· Parabolas with 2 outliers

From last meeting (cont.)

Started detailed look at PCA

Three important (and interesting) viewpoints:

1. Mathematics

2. Numerics

3. Statistics

Linear Algebra Review, (cont.)

Norm of a vector:

· in  
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· Idea: “length” of the vector

· Note:  
[image: image3.wmf]$

 strange properties for high 
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,   

e.g.   “length of diagonal of unit cube” = 
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· “length normalized vector”:    
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(has length one, this is on surface of unit sphere)


-
get “distance” as:   
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Linear Algebra Review, (cont.)

Inner (dot, scalar) product:

-
for vectors 
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 and 
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· related to norm, via  
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· measures “angle between 
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” as:
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 EMBED Equation.3  [image: image15.wmf](
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· key to “orthogonality”, i.e. “perpendicularity”:
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Linear Algebra Review, (cont.)

Orthonormal basis 
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-
All ortho to each other,  i.e.  
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· All have length 1,  i.e.  
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· “Spectral Representation”:  
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-
Matrix notation:  
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-
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  is called “transform (e.g. Fourier, wavelet) of  
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Linear Algebra Review, (cont.)

Parseval identity,  for  
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  in subsp. gen’d by o. n. basis 
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· Pythagorean theorem

· “Decomposition of Energy”

· ANOVA - sums of squares

· Transform, 
[image: image34.wmf]a

, has same length as  
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,  i.e. “rotation in 
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Linear Algebra Review, (cont.)

Projection of a vector  
[image: image37.wmf]x

  onto a subspace  V:

· Idea:  member of  
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  that is closest to  
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   (i.e. “approx’n”)

· Find  
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    (“least squares”)

· For inner product (Hilbert) space:    exists and is unique

· General solution in 
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· So “proj’n operator” is “matrix mult’n”: 
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(thus projection is another linear operation)

(note same operation underlies “least squares”)

Linear Algebra Review, (cont.)

Projection using orthonormal basis  
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Basis matrix is “orthonormal”:    
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-
So  
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-
For “orthogonal complement”,   
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-
Parseval inequality:   
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Linear Algebra Review, (cont.)

(Real) Unitary Matrices:    
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· Orthonormal basis matrix (so all of above applies)

· Follows that  
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· (since have full rank, so  
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· Linear transform (mult’n by 
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) is like “rotation” of  
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· But also includes “mirror images”

Linear Algebra Review, (cont.)

Singular Value Decomposition:

For a matrix   
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And unitary (rotation) matrices  
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Linear Algebra Review, (cont.)

Intuition behind Singular Value Decomposition:

For  
[image: image69.wmf]X

  a “linear transformation”  (via matrix multiplication)

· 
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· First “rotate”  

· Second “rescale coordinate axes (by 
[image: image71.wmf]i
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· Third “rotate again”

· i.e. have “diagonalized the transformation”

Linear Algebra Review, (cont.)

Eigenvalue Decomposition:

For a (symmetric) square matrix    
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Find a diagonal matrix    
[image: image73.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

=

d

D

l

l

L

M

O

M

L

0

0

1


And an orthonormal matrix    
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Linear Algebra Review, (cont.)

Eigenvalue Decomposition (cont.):

Relation to Singular Value Decomposition (looks similar?):

· Eigenvalue decomposition “harder”

· Since needs  
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· Price is eigenvalue decomp’n is generally complex

· Except for  
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  square and symmetric

· Then eigenvalue decomposition is real valued

· Thus it is the sing’r value decomp. with  
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Linear Algebra Review, (cont.)

Computation of Singular Value and Eigenvalue Decompositions:

· Details too complex to spend time here

· A “primitive” of good software packages

· Eigenvalues  
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· Columns of  
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  are called “eigenvectors”

· Eigenvectors are “
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Linear Algebra Review, (cont.)

Eigenvalue Decomposition solves matrix problems:


-
Inversion:    
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-
Square Root: 
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· 
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· 
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  is positive (nonnegative, i.e. semi) definite  
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Multivariate Probability Review

Given a “random vector”,    
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A “center” of the dist’n is the mean vector,    
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A “measure of spread” is the covariance matrix:
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Multivariate Probability Review, (cont.)

Covariance matrix:

· Nonegative Definite (since all variances are 
[image: image96.wmf]³

 0)

· Provides “elliptical summary of distribution”

· Calculated via “outer product”:
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Multivariate Probability Review, (cont.)

Empirical versions:

Given a “random sample”  
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Estimate the “theoretical mean” 
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, with the “sample mean”:
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[image: image101.wmf]

Multivariate Probability Review, (cont.)

Empirical versions (cont.)

And estimate the “theoretical cov.”, with the “sample cov.”:
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Normalizations:

· 
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 gives unbiasedness

· 
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 gives MLE in Gaussian case

Multivariate Probability Review, (cont.)

Outer product representation:
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PCA as an optimization problem

Find “direction of greatest variability”  [toy graphic]
Given a “direction vector”, 
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Variability in the direction  
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PCA as an optimization problem  (cont.)

Variability in the direction  
[image: image117.wmf]u
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i.e. (proportional to) a “quadratic form in the covariance matrix”

Simple solution comes from eigenvalue representation of  
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PCA as an optimization problem  (cont.)

Variability in the direction  
[image: image123.wmf]u
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But    
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  transform of  
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 rotated into 
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 coordinates”,

and the “diagonal quadratic form” becomes
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PCA as an optimization problem  (cont.)

Now since  
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  is an orthonormal basis matrix,  
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So the rotation  
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And  
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  is maximized (over  
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PCA as an optimization problem  (cont.)

Notes:

· Solution is unique when 
[image: image141.wmf]2

1

l
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>


· Otherwise have solutions in “subspace gen’d by 1st 
[image: image142.wmf]v

s”

· Projecting onto subsp. 
[image: image143.wmf]^

 to 
[image: image144.wmf]1

v

,  gives 
[image: image145.wmf]2

v

 as “next dir’n”

[Toy Graphic]
· Continue through  
[image: image146.wmf]3

v

,…,
[image: image147.wmf]d

v


· Replace  
[image: image148.wmf]S

ˆ

  by  
[image: image149.wmf]S

  to get “theoretical PCA”

· Which is “estimated” by the empirical version

PCA redistribution of “energy”

Recall “amount of structure” is quantified as:

“sum of squares about the mean”  =  
[image: image150.wmf]å
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And insight comes from “decomposition”  (ANOVA)

[toy graphic]
PCA redistribution of “energy” (cont.)
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where:           
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“Energy is expressed in trace of covariance matrix”

PCA redistribution of “energy” (cont.)
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· Eigenvalues provide “atoms of SS decomposition”

· Useful Plots are:

“Power Spectrum”:     
[image: image155.wmf]j

l

  vs.  
[image: image156.wmf]j


“log Power Spectrum”:     
[image: image157.wmf](
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  vs.  
[image: image158.wmf]j


“Cumulative Power Spectrum”:     
[image: image159.wmf]å

=

j

j

j

1

'

'

l

  vs.  
[image: image160.wmf]j


Recall PCA graphic (get SS for free, but watch factors of  
[image: image161.wmf]1

-

n

)

Different Views of PCA

Recall 2-d graphic
1. Direction to maximize SS of 1-d projected data

2. Direction to minimize SS of residuals

(same, by Pythagorean Theorem)

3. “Best fit line” to data in “orthogonal sense”

(vs. “regression of Y on X”  =  vertical sense

& “regression of X on Y” = horizontal sense)
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